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Abstract 
 
The function exp(iwt) describes an oscillating motion. Energy of the oscillator is 
proportional to the square of w. exp(iwt) is the solution of a differential equation. We 
have replaced this differential equation by the corresponding finite-time difference 
equation with d as the smallest span of time. We have, then, symmetrized the equation so 
that it remains invariant under the change d going to -d. This symmetric equation has 
solutions in pairs. The angular speed w is modified to w' or w". w’ contains a part with an 
integer. w" contains a part with a half-integer. This corresponds to quantum mechanical 
oscillator energy levels. F= a.exp(iwt) describes oscillation between -a and +a. If we 
make w=0, F describes free oscillation between -a and +a. Reciprocal symmetric 
oscillator, thus, unifies quantum and classical harmonic oscillators on one hand, and a 
harmonic oscillator and a free particle in a potential well on the other hand. No quantum 
mechanical postulates are involved. 
 
 
1. Introduction 
 
The differential equation 
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has the solution, .  describes the motion of a harmonic oscillator if  )exp(. iwtaf = f
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Where k is spring constant and m is the mass. 
Classical energy of the oscillator  is proportional to  classicalE
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The corresponding finite difference equation has solutions1, which come in reciprocal 
pairs2. When the function represents a harmonic oscillator, both the solutions will 
contribute to oscillator energy. We intend to study these contributions and compare them 
to corresponding classical and quantum mechanical values.   
Let the oscillator having amplitude a oscillate between -a and +a. We place two perfectly 
rigid reflecting walls at -a and +a. The presence of the walls does not influence the 
oscillation in any way. Now we make k = 0 so that w = 0. This makes the oscillator a free 
particle. Therefore, in this case (w=0) the non-vanishing energy term should the energy 
levels of a free particle bouncing between reflecting walls. 
We intend to study the energy levels of a reciprocal symmetric harmonic oscillator, 
compare them with the corresponding quantum mechanical energy levels, and also study 
its behavior in the limit .  0→w
 
2. Oscillator Finite Difference Equation   
 
To exploit the symmetry properties of a harmonic oscillator we replace (1.1) by the 
corresponding symmetric finite difference equation3   
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The above difference quotient has the following symmetry under the change δδ −→  
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We require that (2.1) should go over to (1.1) in the limit  0→d
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 (2.1) has solutions in pairs. One of the pairs is4  
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where  
integer=+s                                                    (2.7) 
integer-half=−s                                                (2.8) 
With the correspondence relation (for 0=+s ) 
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+g  and are related through the reciprocity relation −g
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3. Classical and Quantum Energy Levels 
 
The energies of the reciprocal symmetric oscillator are  SRE .±
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For  (3.1) gives the classical value (1.3). 0=+s
The middle term of (3.2) is 
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 It corresponds to quantum mechanical value5. 
wsE oscillatorquantel )2( −= η                                                 (3.4) 
The important difference is that there is no Planck’s constant in (3.3). 
 
4. Square Well Potential Energy Levels 
 
Let the oscillator having the amplitude a oscillate between -a and +a. There are two 
perfectly rigid reflecting walls placed at -a and +a. The presence of the walls does not 
influence the oscillation in any way. Now we make w=0 so that the oscillator becomes a 
free bouncing particle. Of the energies (3.1) and (3.2) we are left with the first parts only  
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Combining (4.1) and (4.2) we have 
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Where  is an integer. s2
Compare (4.3) with , the quantum mechanical energy levels of one dimensional 
square well potential
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Apart from the constants and the dependences on  and d η  (4.3) and (4.4) compare well. 
 
5. Assumption of Classical Physics 
 
Consider an oscillator oscillating along x line between –a and +a  
wtax sin.=                                                       (5.1) 
0=x
d
at t=0. We measure at intervals of . We are not able to measure at any interval less 
than . After time the value of x is 
d
d
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What is the value x after time , where 'd dd <'  ? The classical assumption is  
'sin. wdax =                                                       (5.3) 
It is an assumption because no observations have been made for any interval . In 
(2.9) and (2.10) of this paper we have replaced assumption (5.3) by the less stringent 
assumptions below and we write for the displacement x 
dd <'
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We require that and  agree with the observed value at t+x −x d=  so that  
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(5.4) and (5.5), therefore, express our ignorance about the values of x for . dt <
 
6. Conclusion 
 
The pair of reciprocal symmetric functions  of (2.9) and (2.10) describes a classical 
oscillator, which has discrete energy levels (3.1) and (3.2). One of the terms (3.3) 
compares well with the corresponding quantum mechanical term (3.4). 
±g
If we set w=0,  give the energy levels (4.3) of a free particle bouncing between 
reflecting walls. These levels correspond to quantum mechanical one-dimensional 
potential well levels (4.4). Reciprocal symmetric oscillator, thus, unifies both classical 
and quantum mechanical features. 
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Planck's radiation law goes over to corresponding classical Rayleigh-Jeans7 law as 
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One would desire that, similarly, quantum mechanical oscillator energy (3.4) should go 
over to corresponding classical oscillator energy (1.3) as 0→η . This does not happen. 
This shows a lack of correspondence between classical mechanics and quantum 
mechanics. 
 
In the limit  the oscillator becomes a free particle oscillating between –a and +a. 
This is the same as a free particle oscillating between rigid walls. This is equivalent to a 
potential well. Therefore, in this limit the oscillator energy levels (3.4) should go over to 
the corresponding potential well energy levels (4.4).  This does not happen. This shows a 
lack of correspondence within quantum mechanics itself.  
0→w
Reciprocal symmetric oscillator (described by (3.1) and (3.2)) incorporates (1.3), (3.3) 
and (4.2). 
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